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Dedicated to the memory of S. Banach. 

Abstract. In article is constructed a wide couple of pairwice non isomor- 
phic separable superrefiexive Banach spaces E that are subspace homogeneous. 
Their conjugates are quotient homogeneous. None of this couple neither iso- 
morphic to its Carthesian square nor has the approximation property. At the 
same time, any such E is isomorphic to E ffi E © W for a some Banach space 
W and, hence, solves the Schroeder - Bernstein problem. 



1. Introduction 

Notions of subspace- and of quotient-homogeneous Banach spaces were intro- 
duced by J. Lindenstrauss and H.P. Rosenthal [1] (definitions will be given later). 
They showed that I2 and Co are subspace-homogeneous, that I2 and l\ are quotient- 
homogeneous and interested in following questions: 

1. Whether there exists separable subspace-homogeneous Banach spaces that are 
different from I2 and Co ? 

2. Whether there exists separable quotient homogeneous Banach spaces that are 
different from I2 and l\ ? 

3. Whether there exists non separable subspace- (or quotient-) homogeneous Ba- 
nach spaces'? 

In the article it will be shown that answers on the first and on the second 
question are affirmative. Any separable superrefiexive Banach space X may be 
isomorphically (even (1 + e)-isomorphicaly) embedded in a subspace-homogeneous 
separable superrefiexive Banach space Ex of the same type and cotype as X. Of 
course, (Ex) is quotient homogeneous (by superreflexivity of Ex and by duality). 
Methods that are presented below give no a chance to establish the existence of 
nonreflexive B-convex spaces with such properties. 

The third question is more complicated. A succeed in resolving this problem 
depends on set-theoretical hypothesis. It may be proved that if there exists a 
regular cardinal n with a property: a = x*, where >c* = sup{2 T : r < x}, then 
there exists a Banach space of dimension >c which is subspace-homogeneous. Recall 
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that the existence of a such cardinal h cannot be proved in ZFC. Author expect to 
present this result in other paper. 

Unexpectedly it turned out, that spaces Ex mentioned above posses additional 
peculiar property. Namely, if there exists a real number p ^ 2 such that l p is finite 
representable in X, then Ex does not enjoy the approximation property. 

This gives an independent solution of the approximation problem, that was solved 
be P. Enfio [2]. 

If X is not isomorphic to a Hilbert space, then Ex and Ex © Ex are not 
isomorphic (notice, this fact gives an independent solution of Banach 's problem on 
squares, that was solved firstly in [3] and [4]). 

Any Ex is universal for all separable spaces that are finitely representable in 
Ex- This result is related to a problem on existing of separable envelopes: any Ex 
is an "almost envelope": if Z is finitely representable in Ex then, for any e > 0, Z 
is (1 + ^-isomorphic to a subspace of Ex- 

Any Ex has a complement in any Banach space Y that contains Ex and is 
finitely representable in Ex- In particular, Ex © Ex is isomorphic to a com- 
plemented subspace of Ex- Since Ex obviously is a complemented subspace of 
Ex ffi Ex, a pair (Ex, Ex © Ex) solves the Schroeder- Bernstein problem that in 
other way was solved by W.T. Gowers [5]. 

2. Definitions and notations 

Definition 1. A Banach space X is said to be subspace homogeneous if for any 
pair of its subspaces Y and Z both of equal codimension (finite or infinite ) such that 
there exists an isomorphism u : Y — > Z there exists an isomorphical automorphism 
U : X — > X such that its restriction U \y= u. 

Definition 2. A Banach space X is said to be quotient homogeneous if for any 
pair of its quotients X/Y and X/Z such that both Y and Z are of equal (finite or 
infinite) dimension and there exists an isomorphism u : X/Y — ► X/Z, there exists 
also an automorphism U : X — > X such that uohy = hz°U,. where hy : X — > X/Y 
and h z : X — ► X/Z are standard quotient maps. 

Definition 3. Let X, Y are Banach spaces. X is finitely representable in Y (in 
symbols: X </ Y) if for each e > and for every finite dimensional subspace A 
of X there exists a subspace B of Y and an isomorphism u : A — > B such that 
\\u\\ 1 1 ^ 1 1| < 1 + e. 

Spaces X and Y are said to be finitely equivalent if X <f Y and Y <f X . 

Any Banach space X generates a class 

X f = {Y e B : X ~ f Y} 

Let fC be a class of Banach spaces; X be a Banach space. A notion X <f JC (or, 
equivalently, X 6 /C < ^ means that X <f Y for every Y e /C. 

For any two Banach spaces X, Y their Banach- Mazur distance is given by 

d(X,Y) = inf{||w|| 1 1 -t* — 1 1 1 : u : X -> Y}, 

where u runs all isomorphisms between X and Y and is assumed, as usual, that 
inf = oo. 
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It is well known that log d(X,Y) defines a metric on each class of isomorphic 
Banach spaces. A set 9Jt„ of all n-dimensional Banach spaces, equipped with this 
metric, is a compact metric space that is called the Minkowski compact 9Jt„. 

A disjoint union U{971„ : n < 00} = 971 is a separable metric space, which is 
called the Minkowski space. 

Consider a Banach space A. Let H (X) be a set of all its different finite di- 
mensional subspaces (isometric finite dimensional subspaces of X in H (X) are 
identified). Thus, H (X) may be regarded as a subset of 50?, equipped with the 
restriction of the metric topology of 971. 

Of course, H (X) need not to be a closed subset of 9Jt. Its closure in SOT will 
be denoted H (X). From definitions follows that X <f Y if and only if if (A) C 
H (Y). Certainly, spaces A and Y are finitely equivalent ( X ~f Y) if and only if 
W{X)=W(Y). 

Thus, there is a one to one correspondence between classes of finite equivalence 
Xf = {Y £ B : X ~ f Y} and closed subsets of SOt of kind H (A). 

Indeed, all spaces Y from A^ have the same set H (A). This set, uniquely 
determined by A (or, equivalently, by X?), will be denoted by SOT(A^) and will be 
referred as to the Minkowski's base of the class X?. 

Using this correspondence, it may be defined a set / (B) of all different classes 
of finite equivalence, assuming (to exclude contradictions with the set theory) that 
members of / (B) are sets 9Tt(A^). For simplicity it may be says that members of 
/ (B) are classes X? itself. 

Clearly, / (B) is partially ordered by the relation 9Jt(A-^) C 9Jl(Y^), which may 
be replaced by the relation X^ < f Y? of the same meaning. The minimal (with 
respect to this order) element of / (B) is the class (I2) (the Dvoretzki theorem); the 
maximal one - the class (Zoo) (an easy consequence of the Hahn-Banach theorem). 
Other Zp's are used in the classifications of Banach spaces, which was proposed by 
L. Schwartz [6]. 

For a Banach space A its l p -spectrum S(X) is given by 

5(A) = {p £ [0, 00] : l p < f X}. 

Certainly, if A ~/ y then S(X) = S(Y). Thus, the Z p -spectrum 5(A) may 
be regarded as a property of the whole class X? . So, notations like S(X^) are of 
obvious meaning. 

Let A be a Banach space. It is called: 

• c-convex, if 00 ^ 5(A); 

• B-convex, if 1 ^ 5(A); 

• Finite universal, if 00 £ 5(A). 

• Superreflexive, if every space of the class X? is reflexive. 

Equivalently, A is superreflexive if any Y </ A is reflexive. Clearly, any super- 
reflexive Banach space is B-convex. 

3. Quotient closed and divisible classes of finite equivalence 

In this section it will be shown how to enlarge a Minkowski's base DJl(Xf) of 
a certain i?-convex class X? to obtain a set 91, which will be a Minkowski's base 
Wl(W-f) for some class that holds the B-convexity (and, also, the Z p -spectrum) 
of the corresponding class X* and will be quotient closed. 
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Definition 4. A class (and its Minkowski's base Wl(Xf)) is said to be divisible 
if some (equivalently, any) space Z 6 X* is finitely representable in any its subspace 
of finite codimension. 

Definition 5. Let {Xi : i 6 1} be a collection of Banach spaces. A space 

h (X i ,I)=(j2®{X i :ieI}) 2 
is a Banach space of all families {xi G Xi : i G 1} = y, with a finite norm 
||f|| 2 = sup{(^{||^||^ : i G Io}) 1/2 : h C /; card(/ ) < oo}. 

Example 1. ^4ny Banach space X may be isometricaly embedded into a space 

where all Xi's are isometric to X. Immediately, l 2 (X) generates a divisible class 
D 2 (Xf ) = (1 2 {X)Y which with the same l p -spectrum as X? and is superreflexive if 
and only if X? is superreflexive too. 

Remark 1. The procedure D 2 : X? — ► (l 2 (X)) may be regarded as a closure 
operator on the partially ordered set f (£>). Indeed, it is 

• Monotone, i.e., X* </ D 2 (X f ); 

• Idempotent, i.e., D 2 (X f ) = D 2 (D 2 (Xf)); 

• Preserve the order: X* < f Y s D 2 (X / ) </ D 2 (r / ). 

it is 0/ interest that extreme points of f (£>) are stable under this procedure: 

D 2 ((/ 2 ) / ) = (Z 2 ) / ; D 2 ((c ) / ) = (c ) / . 

To distinguish between general divisible classes and classes of type D 2 (Xf), the 
last ones will be referred as to 2-divisible classes. 

Definition 6. A class X^ (and its Minkowski's base DJl(X^) ) is said to be quotient 
closed if for any A G dJl(X^) and its subspace B A the quotient A/B belongs to 
Wl(Xf). 

Let K C 9Jt be a class of finite dimensional Banach spaces (recall, that isometric 
spaces are identified). Define operations H, Q and * that transform a class K in 
another class - H(K); Q{K) or (K)* respectively. Namely, let 

H(K) = {A G m : A ^ B; B G K} 
Q(K) = {A effl : A = B/F; F ^ B; B G K] 
(K)* = {A* G Tl : A G K} 

In words, H{K) consists of all subspaces of spaces from K; Q{K) contains all 
quotient spaces of spaces of K; (K)* contains all conjugates of spaces of K. 

The following theorem lists properties of these operations. In iteration of the 
operations parentheses may be omitted. 

Thus, K** d = ((K)*)*; HH(K) d = H(H(K)) and so on. 

Theorem 1. Any set K of finite dimensional Banach spaces has the following 
properties: 
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1. K** = K; HH(K) = H{K); QQ{K) = Q(K); 

2. K C H(K); K C Q{K); 

3. IfK l C if 2 ffcen H(K{) C if(if 2 ) and Q(ifi) C Q(K 2 ): 

4. (H(K))* = Q(K*); (Q(K))* = if(if*); 

5. HQ(HQ(K)) = HQ(K); QH(QH(Kj) = QH(K). 

Proof. 1, 2 and 3 are obvious. 

4. If A £ Q(if) then A = B/F for some B G K and its subspace £\ Thus, A* 
is isometric to a subspace of B*. Hence, A* G H(B*), i.e., A* G H(K*). Since A is 
arbitrary, (Q(if))* C H(K*). Analogously, if B G if and A G ff(B) then A* may 
be identified with a quotient B* /A^, where A 1 - is the annihilator of A in £?*: 

A ± = {f€B*:(Va€A) (/(a) = 0)}. 

Hence, A* G (Q(ff*))*, and thus (H(K))* C Q(if*). 
From the other hand, 

ff(iT) = (H(K*))** C (Q(iT*))* = (Q(A-))* ; 
Q(A") = (Q(if *))** C (if (if**))* = (H(K))* . 

5. Let A £ HQ{K). Then A is isometric to a subspace of some quotient space 
E/F, where E e K; F ^ E. If B is a subspace of A then (A/B)* = (E/F)* /B^, 
i.e. {Q{HQ{K)))* CQ(Q(K)*). Because of 

Q(HQ(K)) = (Q (HQ(K))r Q (Q (Q(K)*))* 
C H(Q{K)**) = HQ(K), 

we have 

H(Q(H(Q(K)))) C H(H(Q(K))) = HQ(K). 

Analogously, if A G QH(K), then A is isometric to a quotient space F/E, where 
F G ff(B) for some B e if and £ ^ B. If W G if (A), i.e., if W £ H(F/E), then 
VF* = {F/Ey/W 1 - and (F/E)* is isometric to a subspace B 1 - of B* G (H(B))* . 
Thus, (H(QH(K)))* C H((H(K))*) and 

H(QH(K)) = (H (QH(K)))** C (if (if (if )*))* 
C Q(H(K)**) = QH(K). 

Hence, 

Q(H(Q(HQ(K)))) C Q(Q(H(K))) = Qif(if). 
Converse inclusion follows from 2. | 

Consider for a given 2-divisible class its Minkowski's base 9Jt(A^) and enlarge 
it by addition to 9Jt(A^) of all quotient spaces of spaces from 9J1(A-^) and all their 
subspaces. In the formal language, consider a set if (<2(9Jt(X^))). 

For any class the set 91 = 9Jt(W^) has following properties: 

(C) 91 is a closed subset of the Minkowski's space 9JI; 

(H) If A £ 91 and B £ if (A) then f? £ 91; 

(A ) For any A, B £ 91 there exists C £ 91 such that A £ ff(C) and £ £ H(C). 

Theorem 2. Let 91 &e a set of finite dimensional Banach spaces; 91 C 3JI. i/91 has 
properties (C), (H) and (A ) then there exists a class such that 91 = Wl(Xf). 
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Proof. Since (A ), all spaces from Ot may be directed in an inductive isometric 
system. Its direct limit W generates a class with 9Jl(Wf) D 01. As it follows 
from the property (C), DJl(W^) contains no spaces besides that of 01. Hence, 

miwf) = 01. 

Another proof may be given by using an ultraproduct of all spaces from 01 by 
the ultrafilter, coordinated with a partial ordering on 01, which is generated by the 
property (A ). | 

Let X be a £?-convex Banach space. 

Let X = l 2 (Y) (and, hence, X' — D2(F^)). Consider the Minkowski's base 
Wl{Xf) and its enlargement H(Q(Wl(Xf))) = HQWl{Xf). 

Theorem 3. There exists a Banach space W such that HQDJl(X^) = Tl(W^). 

Proof. Obviously, HQWl(Xf') has properties (H) and (C). 

Since M(X f ) is 2-divisible, then for any A,B E Wl{X f ) a space A® 2 B belongs 
to VR(Xf) and, hence, to HQWl{Xf). 

If A, B e Qm(Xf) then A = F/F\; B = E/E\ for some E, F e QWl(Xf). 

Since F/Fi ffi 2 E is isometric to a space (F ffi 2 E)/F[, where F[ = {(/,0) £ 
F®E : f e Fi}, F/Fi ©2 E belongs to Q3Jl{X*). 

Clearly, 

F/Fi © 2 E/Ei = [FjF\ © 2 E)/E[, 

where 

E[ = {(o, e) e F/Fi ©2 E : e e Et}, 

and, hence, belongs to QVOl(X^) too. 

If A,B G HQWl(Xl') then A ^ E, B ^ F ioi some £,Fe QWl(Xf). Since 
F © 2 F e Q9Jl(A / ), obviously A ffi 2 £ e HQM(X f ). 

Thus, HQ9Jl(Xf) has a property (A ). A desired result follows from the pre- 
ceding theorem. | 

Definition 7. Let A &e a Banach space, which generates a class X? of finite 
equivalence. A class * * {X?) is defined to be a such class that Tl(W^) — 
HQTl(D 2 Y f ) 

Clearly, is quotient closed. Obviously, </ . It will be said that 
is a result of a procedure ** that acts on f(B). 

Remark 2. The procedure ** : X^ — > ** (A-^) = W$ may be regarded as a closure 
operator on the partially ordered set f (£>). Indeed, it is 

• Monotone, i.e., X? </ * * (Xf); 

• Idempotent, i.e., X? = (A-^)); 

• Preserve the order: X* <fY$ =>■ * * (X*) </ * * (Y*)- 

It is of interest that extreme points of f (£>) are stable under this procedure: 
* * (fa)') = ; **(( Co ) / ) = ( Co ) / . 



Theorem 4. For any Banach space X a class * * (X*) is 2-divisible. 
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Proof. Let 91 = 971 (* * (Xf)) . Since for any pair A, £> G 9? their ^ 2 -sum belongs to 
91, then by an induction, {^2 ieI ®Ai) 2 € 91 for any finite subset {Ai : i E 1} C 91. 

Hence, any infinite direct ?2-sum ®Ai) 2 is finite representable in * * (Xf) . 

Let {A; : i < 00} C 91 is dense in 91. Let Y x = (E i<0 o ©^2; Y n+1 = Y n ® 2 ii; 
Foo = limFn. Clearly, = Z 2 (^) and belongs to * * (X f ). | 

Let * : / (£>) — > / (£>) be one else procedure that will be given by following steps. 

Let X e B; Y f = D 2 (X f ). Let 2J be a countable dense subset of M{Y f ); 
2)o = ( Y n) n<oc - Consider a space Z = E n<0O ® Y nh and its conjugate Z* . Z* 
generates a class (Z*Y which will be regarded as a result of acting of a procedure 
* : X* — ► (Z*Y . Since (Z*)* is 2-divisible, iterations of the procedure ★ are given 
by following steps: Let 3o is a countable dense subset of Wl((Z*)* ); 3o = (Z n ) n<00 - 
Consider a space W = (J2 n <oo and its conjugate W* . Clearly, W* generates 

a class 

(W*) f = *{Z*) f = **(X f ) . 

Theorem 5. For any Banach space X classes * * {X*) and ** {X*) are identical. 
Proof. From the construction follows that H(Z*) = (QH(l 2 (X))* and that 
H(W*) = (QH(Z*)Y = {Q{QH(l 2 {X)))*y 
= H{QH{h(X)))** = HQH(l 2 (X)). 

Hence, 

m{{W*) s ) = HQWl(Y f ) = HQWl(D 2 (X f )). 



Theorem 6. Let X be a Banach space, which generates a class of finite equivalence 
X? . If X is B-convex, then the procedure ** maps X? to a class * * [X^) with the 
same lower and upper bounds of its l p -spectrum as X* . If X is superreflexive then 
* * (Xty is superreflexive too. 

Proof. Obviously, if p G S(X) and p < 2 then the whole interval \p, 2] (that may 
consist of one point) belongs to S(X) and, hence, to S(* * (Xf)). If p e S(X) and 
p > 2 then, by duality, p/{p -l)eS(* (X f ))'> hcncc [p/(p ~ X )' 2 1 c S (* ( Xf )) 
and, thus [2,p] C S(X) C SO * If p g then p/(p - 1) g S (* (X^)) 

by its construction and, hence, p ^ S(* * (Xf)) by the same reason. Hence, if 

Px =miS(X); q x =supS(X) 

then 

S(**(Xf)) = [ Px ,qx] = [inf5(X),sup5(X)]. 
The second assertion of the theorem is also obvious. | 

Remark 3. If X is not B-convex, then 

*(X') =**(Xf) =**(Xf) = (c ) / . 
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4. Spaces of almost universal disposition 

Recall a definition, which is due to V.I. Gurarii [7]. 

Definition 8. Let X be a Banach space; K be a class of Banach spaces. X is said 
to be a space of almost universal disposition with respect to K. if for any pair of 
spaces A, B of K such that A is a subspace of B (A^> B), every e > and every 
isomorphic embedding i : A — > X there exists an isomorphic embedding i : B — > X , 
which extends i (i.e., i\ A — i) and such, then 

11*11 llr^l^a + ejiiiiHlr 1 !!. 

In the construction of the classical Gurarii's space of almost universal disposition 
with respect to 971 the main role plays a property of 971, which may be called the 
isomorphic amalgamation property. 

Definition 9. Let X G B generates a class X? with a Minkowski's base 9Jl(Xf). It 
will be said that 9Jl(Xf) (and the whole class X? ) has the isomorphic amalgamation 
property if for any fifth {A,B 1 ,B 2 ,i 1 ,i 2 ), where A, B x , B 2 E Wl(Xf); h : A ^ B 1 
and i 2 : A — > B 2 are isomorphic embeddings, there exists a triple (ji,j 2 ,F), where 
F E 9Jl(Xf) and j\ : B\ — > F; j 2 : B 2 — > F are isometric embedding, such that 
ji °h = h h- 

Theorem 7. Any 2-divisible quotient closed class X* has the isomorphic amalga- 
mation property. 

Proof. Let A, B\, B 2 g 9Jl(Xf); i\ : A — > B\ and i 2 : A — > B 2 arc isomorphic 
embeddings. Since X? is 2-divisible, C = B\® 2 B 2 e TX(X^). Consider a subspace 
H of C that is formed by elements of kind (i\a, —i 2 a), where a runs A: 

H = {{i\a, —i 2 a) : a E A}. 

Consider a quotient W = C/H. Since is quotient closed, W E Wl(Xf). Let 
h : C — > W be a standard quotient map. Let ji : £>i — > W and j 2 : B 2 — > W are 
given by: 

ji(6i)=/i(6i,0) fiorftieBi; 
.72(62) = h(0,b 2 ) forb 2 EB 2 . 
It is clear that j\ and j 2 are isometric embeddings such that j\ o i x = j 2 o i 2 . | 

Remark 4. It may be shown that any quotient closed divisible (not necessary 2- 
divisible) class X? enjoys the isomorphic amalgamation property too. For aims of 
the article the preceding result is satisfactory. 

The proof of a following results is almost literally repeats the Gurarii's proof [7] 
on existence of a space of almost universal disposition with respect to 971. Only 
changes that need to be made are: a substitution of a set 971 with DJl(X^) for a 
given class X' and using instead the mentioned above isomorphic amalgamation 
property of a set 97T the same property of a set 9Jl(Xf). For this reason the proof 
of it is omitted. 

Theorem 8. Any **-closed class X* contains a separable space Ex of almost uni- 
versal disposition with respect to a set HBl(X'). This space is unique up to al- 
most isometry and is almost isotropic (in an equivalent terminology, has an almost 
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transitive norm: for any two elements a, b E Ex, such that \\a\\ = \\b\\ and ev- 
ery e > there exists an automorphism u = u(a, b, e) : Ex Ex such that 
\\u\\ W^ 1 ]] < 1 + £ and ua = b). This space is an approximative envelope of a class 
X' : for any e > every separable Banach space which is finitely representable in 
X* is (1 + e)- isomorphic to a subspace of E X - 

5. Subspace Homogeneous and Quotient Homogeneous Banach Spaces 

Theorem 9. Let X* = * * {X*} be a superrefiexive class; Ex be a corresponding 
separable space of almost universal disposition. Then Ex is subspace homogeneous. 

Proof. Let Z\ and Z 2 be subspaces of Ex that are of equal codimension in Ex (i.e. 
codim(Zi) = dim{Ex / Z\) = dim(Ex /Z2) = codim(Z 2 )). 

If codim(Zi) < lo (here and below lo denotes the first infinite ordinal) then 
assertions of the theorem are satisfied independently of a property of E x to be 
a space of almost universal disposition. Indeed, for an arbitrary Banach space X 
any its subspaces of equal codimension, say, Y and Z, are isomorphic and each of 
them has a complement in X. So, X may be represented either as a direct sum 
X = Y ® A or &s X = Z ® B where dim(A) = dim(B) < lo. 

Let v : A — > B and u : Y — > Z be isomorphisms. Clearly, v (B u : X ^> X be an 
automorphism of X that extends u. 

Assume that Z\ and Z 2 are isomorphic subspaces of Ex of infinite codimension. 
Let u : Z\ — > Z 2 be the corresponding isomorphism. 

Let Z\ be represented as a direct limit (= as a closure of the union) of a chain 

Z[ - Z' 2 - ... - z' n - ... - z i; 

namely, Z\ = Li{Z' n : n < u} and LiZ^ is dense in Z\. Clearly, 
uZ[ ^ uZ' 2 ^ ... ^ uZ' n ^ ... ^ uZ 1 = Z 2 

and the union UuZ' n is dense in Z 2 . 

Let (e n ) n<u) be a sequence of linearly independent elements of Ex of norm one, 
which linear span is dense in Ex- 

Denote a restriction u \z> by u„and define two sequences (/„) and (g n ) of ele- 
ments of Ex and a sequence (v n ) of isomorphisms by an induction. 

Let fi be an element of (e n ) n<LU with a minimal number, which does not belongs 
to Z[. Let Wi = span (Z[ U {/1}) (as span(A) here and below is denoted a closure 
of the linear span of A). Let e > and V\ : W\ —> Ex be an extension of U\ (i.e. 
v\ |wi= ui) such that \\vi || ((wf 1 1| < (1 + e) ||«i || \\u± ||. Let gi — ui/i; f/i = ^iWi. 

Let 52 be an element of (e„) n<w with a minimal number, which does not belongs 
to span (uZ[ U Ui) and t/2 = span (uZ[ U ?7i U {32})- Since i?x is a space of almost 
universal disposition, there exists an isomorphism (v^ 1 which extends both (u 2 ) _1 
and (vi)^ 1 and satisfies 

||«2|| IKI < (1 + e 2 ) max{|| U2 || ^ ; || Wl || H^H}. 

Let f 2 = (U2) 1 .92- This close the first step of the induction. 

Assume that {/1, f 2 , /„}; {.91, ,g 2 , 5™}; {vi, w 2 , {^1, #2, U n } and 

{Wi, W2, W n } are already chosen. If n is odd, we choose sequentially: 

/„+ias an element of (e n ) n<w with a minimal number, which does not belongs 
to Z' n+1 ; W n+1 = span (Z' n+1 U {/„+i}); v n+1 : W n+1 —> E x be an extension of 
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u n+ i such that 

lk+i|||K+i|| < (l + e n+1 ) IK+xUll^J; 

g n +l = Vn+lfn+l] U n+ i = V n+ iW n+ \. 

If n is even, we choose sequentially: 

<7?i+i as an element of (e n ) n<UJ with a minimal number, which does not belongs to 
span (uZ' n U U n ); U n+ \ — span (uZ' n U £7„ U {g n +i})', (v„ + i)~ which extends both 
(u n +i) 1 and (Vn) -1 and satisfies 

IK+ill |K+i|| < (l + e 2 )max{||u„ + i|| ; |K|| IKll; 

fn+l = {Vn+l) 1 9n+l 

Since Ex is superreflexive, a sequence of isomorphisms (v n ) converges to an 
automorphism V : Ex — > Ex, which satisfies 

WVWWV-'W^lf (l + e^WuWWu-'W. 

I 

Corollary 1. Let Jf^ = * * (-X^) &e a superreflexive class; Ex be a corresponding 
separable space of almost universal disposition. Then (Ex)* is quotient homoge- 
neous. 

Proof. The desired result is a consequence of the superreflexivity and follows by 
duality. | 

6. The Banach problem on squares 

A classical Banach's problem on squares (whether every Banach space is isomor- 
phic to its Carthesian square?) was solved in [2]. At the same time there appeared 
another solution [3] ; one more counterexample was presented in [8] . 

Superreflexive spaces of almost universal disposition form a wide class of spaces 
that are not isomorphic to their Carthesian squares, which is different from listed 
above. 

Theorem 10. Let **X^ be a superreflexive class; Ex be a corresponding separable 
space of almost universal disposition. Then either Ex is isomorphic to the Hilbert 
space I2 or spaces Ex and Ex © Ex are not isomorphic. 

Proof. Let the symbol Y ~ Z means that Y and Z are isomorphic. 

Assume that E x ~ E X ®E X - Then E* x w E* X ®E* X . Since E* x is not isomorphic 

to l 2 , there exists a subspace W* of E* x such that E* x W* and W* are not 

isomorphic. Clearly, W* may be identified with (Ex/Y)* for some Y ^> Ex- 

Certainly, Ex © (Ex/Y) and Ex/Y are not isomorphic. 

Let u : E x — > E X ®E X be an isomorphism. Then uY <—> E X ®E X and uY « Y. 

Consider two isomorphic embeddings, say, j\ and 32 of Y into Ex- 

Let ji : Y Ex be the identical embedding. Let — u ji- 

Let v : j{Y — > be an isomorphism. Then (z;^ 1 o j 2 ) V ^x- However the 

isomorphism w cannot be extended to any automorphism of E because of absence 

of isomorphisms between Ex © (Ex/Y) and Ex /Y . But this contradicts with the 

property of Ex to be subspace homogeneous. | 
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Remark 5. If a Banach space X is not isomorphic to any space Y that generates 
a divisible class , then any space Z G is not isomorphic to its Carthesian 
square. First example of such X was the space F — ) > where pi \ 2; 



ni = dim I ip? ) — ► oo; (pt — 2) \ogni — > oo, that was constructed by T. Figiel [8]. 



The Schroeder- Bernstein problem, that was induced by the classical paper [9] 
and received its name thanks to a certain analogy may be formulated as follows: 

Let X, Y , Z be Banach spaces. Is there true that a condition X w X © Y © Z 
implies that X w X © Y ? 

Recall that in [9] was shown that if X « X © X and Y w Y © Y then X w 
X © F © Z implies that X « X © F. 

This problem was (in negative) solved by W.T. Gowers (see [5]). 

An another solution of this problem based on the property of spaces of kind Ex , 
which needs additional definitions. 

Definition 10. (Cf.[10f). Let X be a Banach space; Y - its subspace. Y is said to 
be a reflecting subspace of X (symbolically: Y -<„ X) if for every e > and every 
finite dimensional subspace A <—> X there exist an isomorphic embedding u : A —> Y 
such that \\u\\ < 1 + e and u \ac\Y = IdAnY ■ 

As was shown in [10], if Y -< u X then Y** is an image of a norm one projection 
P : X** -> Y** (under canonical embedding of Y** into X**). 

Definition 11. (Cf [11]). A Banach space E is said to be existentialy closed in a 
class Xf if for any isometric embedding i : E — > Z into an arbitrary space Z E X^ 
its image iE is a reflecting subspace of Z : iY ~< u Z. 

A class of all spaces E that are existentialy closed in X* is denoted by £ {X*) ■ 
In [11] was shown that for any Banach space X the class £ (X*) is nonempty; 
moreover, any Y <j X? may be isometricaly embedded into some E S £ (X^ of 
the dimension dim(E) = max{dim(y), lu}. 

Theorem 11. For any class * * (X^ ) the corresponding space Ex of almost uni- 
versal disposition is existentialy closed in * * (X^). 

Proof. Let E x ^ Z G * * (X*). Let A ^ Z. Denote E x n A = B. Since 
Ex ~/ Z, for any e > there exists an isomorphic embedding u : A — > Ex such 
that ||u|| \\u- 1 \\ < l + e/4. Let F = uA; G = u(E x H A) = uB. Since F C E x and 
G C Ex, a restriction u \b= v may be extended to an isomorphism V : F — > Ex 
such that ||V|| 1 1 V" 1 1 1 < 1 + e/4. Clearly, VF is (1 + e)-isomorphic to A and 
VFC\A = B. Because of A is arbitrary, E x ~< u Z and, hence, E x G £ (* * (X f )). | 

Corollary 2. If * * (X?) is superreflexive, then Ex is a norm one complemented 
subspace of any space Z from the class * * {X^) that it contain. 

Proof. If E x ^ Z G **(X*) then E x < u Z and hence (E x )** = E x is a norm 
one complemented subspace of Z** = Z according to [10]. | 




7. The Schroeder-Bernstein problem 



Corollary 3. Thou E x ~ E X ®E X ®Z but E x and E X ®E X are not isomorphic. 
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Proof. Because Ex ©2 Ex is finitely equivalent to Ex, it may be isomorphicaly 
embedded into Ex- Since the image of Ex in Ex is a complemented subspace, 
clearly, Ex © Ex is isomorphic to a complemented subspace of Ex, i.e., Ex ~ 
Ex ffi Ex ® Z. In a previous section was proved that Ex and Ex © Ex are not 
isomorphic. | 

8. The approximation problem 

Definition 12. A Banach space X has the approximation property (shortly: AP) 
provided for every compact subset K C X and every e > there exists a (bounded 
linear) operator uk ■ X — > X with a finite dimensional range such that \\ukX — x\\ < 
e for all x € K. 

If there exists a constant \, independent on K ande, such that norms of operators 
u K are uniformly bounded by X: \\u K \\ < X, then X is said to has the X-bounded 
approximation property (X-BAP). 

If X has the X-BAP for all A > 1, then X is said to has the metric approximation 
property (MAP). 

The approximation problem, i.e. a question: "whether every Banach space has 
the approximation property?" was solved (in negative) by P. Enflo [2]. This solu- 
tion ( and other known counterexamples to the approximation problem) are quite 
complicated. 

This section is devoted to prove that a lot of spaces of kind Ex - i.e. separable 
spaces of almost universal disposition, that are presented in every quotient closed 
and divisible class X? - does not enjoy the approximation property. Unfortunately, 
using methods cannot give a chance to prove the absence of approximation property 
in a non reflexive case. It seems that result presented below also is far from finality. 

Theorem 12. Let * * (-X^) be a superreflexive class such that its l p -spectrum 
S (* * (Xf}} contains a point p ^ 2. Let Ex be the corresponding space of al- 
most universal disposition. Then Ex does not have the approximation property. 

Proof. Let p e S (* * (X*)) and p ^ 2. Then either p x = inf S (* * (X*)) < 2 or 
qx = sup S (* * (X^)) > 2. From [12] follows that if r = px or r = qx then Ex (as 
any other space from * * (X^) contains a sequence (Y n ) n<00 of finite dimensional 
subspaces of unboundedly growing dimension that are uniformly complemented in 
Ex and are uniformly isomorphic to l^. More precise, dim(Y n ) — > 00 and there 
exists such a constant C that sup d(Y n , lf lm ^ Yn ^) < C and that 

sup{||P n || :P n :E x ^Y n } 

for some sequence of projections (P n )- 

Since Ex is a space of almost universal disposition, it may be assumed without 
loss of generality that the sequence (Yn) n<00 is directed in a chain 

Y x — Y 2 — ... — Y n — ... — E x . 

From [13] follows that Y = U n Y n is an £ p -space which cannot has the comple- 
ment in Ex if r ^ 2. Indeed, if Y is a complemented subspace of Ex then Ex 
contains a complemented subspace isomorphic to l r . At the same time, Ex contains 
an uncomplemented subspace, isomorphic to l r . Indeed (we assume that r ^ 2), as 

an universal space for a class of separable spaces from (* * (X^)) < ^, Ex contains 
a subspace isomorphic to L r [0, 1] (for simplicity assume that L r [0, 1] is a subspace 
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of Ex itself). The last one contains an uncomplemented subspace Z isomorphic to 
l r (for p > 2 this fact is contained in [14]; for p < 2 follows from [15]). If there is a 
projection from Ex onto Z then its restriction is a projection from L r [0, 1] onto Z 
what is impossible. Thus, Ex contains an uncomplemented subspace, isomorphic 
to l r . Since Ex is subspace homogeneous, every its subspace, isomorphic to l r has 
no complement in Ex- 

Assume that Ex has the approximation property. By the superreflexivity, Ex 
has the metric approximation property. Hence, there exists a sequence (_E(™)) of 
finite dimensional subspaces of Ex and a sequence of operators R n : Ex — > E^ 
with sup ||-Rn|| < ^ f° r a given A > 1, which convergents pointwise to the identical 
operator IcLe x - It may be assumed that Y n C E^™^ for a some sequence (m„) of 
natural numbers. A restriction P' n of P n to E^" 1 ^ is a projection from ij( m ™) onto 
Y n . A sequence (Rm m P n ) convergents pointwise to a projection P : Ex — > Y = 
D n Y n . As it was shown, this is impossible. | 

Problem 1. Whether non reflexive space of kind Ex either is isomorphic (iso- 
metric) to the classical Gurarii space of almost universal disposition or does not 
enjoy the approximation property? 

9. TSIRELSON LIKE SPACES 

A Banach space X is said to has the Tsirelson property if it contains no subspaces 
isomorphic to the spaces l p (1 < p < oo) and cq. 

The first example of a Banach space with a such property was constructed by 
B.S. Tsirelson [16]. Below it will be shown that spaces that enjoy the Tsirelson 
property may be found among spaces of kind Ex ■ 

Theorem 13. Let * * (^^) oe a superreflexive class such that its l p -spectrum 
S (* * (A^)) is a single point p = 2: S (* * (X?)) = {2}. Let Ex be the cor- 
responding space of almost universal disposition. If Ex is not of cotype 2 then 
either its conjugate (Ex)* has the Tsirelson property or Ex is isomorphic to the 
Hilbert space. 

Proof. Assume that Ex is not isomorphic to the Hilbert space. 

Since Ex is not of cotype 2, according to the Kwapicn's result [17] its 2-type 
constant Ti (X) is infinite. So, for any number N there exists a finite dimensional 
subspace X^ with T 2 (X^ n ^), where, certainly, n — dim(X^) = n(N) depends 
on N (and tends to infinity with N). 

Fix e>0;l<C<oo and, proceeding by induction, chose sequences (pt) C K + ; 
Pk < Pk+i < 2; (n fc ) C N and (N k ) C R. 

Let Ni > 2 be arbitrary chosen. Let m be the least natural number such that 
there exists a subspace X^™ 1 ' X of dimension m for which 

T 2 (X (ni) ) > 

Let 

Pl =2-C(log(n 1 ))- 1 . 
As N 2 may be chosen any number such that 

(A 2 ) C(log(,ll)rl > 2Ni. 
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Assume that N\, N 2 , N^, pi, p 2 , • Pfc-i; n\, n 2 , n,k-i and subspaces 
are chosen. Let be the least natural number such that 
there exists a subspace X^ nk > ^ X of dimension for which 

T 2 {X^)>N k . 



Put 



Let iV fc+1 satisfies 



Pk 



2-C(log(n fe )) 



(7V fe+1 ) C(log( " fc)r > 27V fe . 



It was noted before that L p for p < 2 has an uncomplemented subspace, isomor- 
phic to l 2 . The finite-dimensional version of this fact is: 

There exists such a constant c that for every N > 1 there exists such n = n(N) 
that lp contains a subspace y( m ™) of dimension m n such that 

d(Y {m ~\l { 2 mn) ) < c; ||P|| > Nfor every projection P : l p n) 

From [18] follows that for any p G (1,2) every Banach space X, which type 
p-constant is T P (X), contains a subspace, which is (1 + e)-isomorphic to l p m \ of 
dimension m = m(p,s) that is estimated as 

m = m{p,e)>C{e) (T p {X)f q , 

where p^ 1 + q^ 1 = 1 and C(e) depends only on e. 

From the definition of type p-constants follows that for a finite dimensional 
Banach space X 



\T p {X)-T 2 {X)\<{dim{X)) 



l/p-l/2 



At least, according to the Kwapieh's result, for any Banach space X of cotype 2 

T p {X)~d{X,l d 2 m{X) ). 

Since our choosing of (Nk, nk,Pk, X(" fc ))'s follows: 

1. \T p (X - T 2 (Jf ("*)) | < C for all k < oo; 

2. _X"( nfe ) contains a subspace that is (1 + e)-isomorphic to l p m ( pk ' e ">\ 
Let TOfc = m(pk,e). Then 

> C(e) (r 2 (A(" fc )) - c) 17 " > C(e) (2 fc JVi - C) 1/9 

and, hence, tends to infinity with k. 

So, Ex (as any other Banach space X of cotype 2 and the single-point spectrum 
S(X) = {2}) contains a sequence of finite dimensional subspaces (Y" lk ), which are 
uniformly isomorphic to Euclidean ones and whose projection constants 

X(Y mk ^ E x ) =ml{\\P\\ : P:E x ^Y m "; P 2 = P} 

tend to infinity. 

Certainly, Ex contains a subspace l 2 (since Ex is an approximate envelope and 
thanks to the Dvorctzki's theorem). 
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Clearly, this space has no complement in Ex- in a contrary case any sequence 
of finite dimensional subspaces of Ex that are uniformly isomorphic to Euclidean 
ones should have uniformly bounded projection constants. 

Assume that (Ex)* contains a subspace Z, which is isomorphic to l 2 . Then, 
according to [19], Z is a complemented subspace of (Ex) since it is of type 2. 
Hence, by superreflexivity, (Ex)** = Ex contains a complemented subspace Z* , 
which is also isomorphic to the Hilbert space. However, as was shown before, it is 
impossible. | 

Remark 6. In the same way (i.e. using the presence in certain spaces of kind 
Ex of an uncomplememted Hilbertian subspace) it may be obtained the following 
extention of the theorem 12. 

Theorem 14. Let * * {X^) be a superreflexive class such that S (* * (A^)) = {2}. 
Let Ex be the corresponding space of almost universal disposition. If Ex is not of 
type 2 then it fails to have the approximation property. 

Problem 2. Whether superreflexive spaces of kind Ex either are isomorphic to 
the Hilbert space or has no approximation property? 
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